
Scalable Active Metamaterials for Shape-Morphing
Jipeng Cuia,ω, Wei “Wayne” Chena,ω

aJ. Mike Walker ’66 Department of Mechanical Engineering, Texas A&M University, College Station, 77843, TX,

A R T I C L E I N F O

Keywords:
Active Metamaterial
Scalability
Shape-Morphing
Multi-Scale Design
Programmable Material Systems

A B S T R A C T

Shape-morphing materials allow structures such as morphing wings, soft robots, and deployable
devices to change their shape on demand without mechanical joints or motors. Aperiodic active
metamaterials, in which every unit is designed individually, can realize complex programmed
shape changes, but their design by structural optimization requires repeated analyses of the full
structure, at a cost that grows rapidly with the number of units. This paper presents a scalable active
metamaterial (SAM) framework that designs such structures without simulating the assembled
structure. The design domain is discretized into unit cells composed of a sti! frame with compliant
hinges and a soft, thermally active infill. The sti! frame limits the interaction between neighboring
unit cells, which approximately decouples the design problem into two scales. At the macroscale,
the deformation required for each unit cell is obtained by a constrained Laplacian mesh-editing
formulation with soft data-driven feasibility constraints. At the microscale, the infill geometry of
every unit cell is generated by a conditional di!usion model trained on finite-strain finite element
simulations of unit cells. All designs are verified by geometrically nonlinear finite element
simulations of the assembled structures. The design cost grows approximately linearly with the
number of unit cells. The framework is demonstrated on single-point actuation, multi-point control,
and shape matching tasks. We further analyze the sources of the remaining error and discuss
possible ways to mitigate it. This work establishes a foundation for the systematic, scalable design
of highly complex shape-morphing active metamaterials and for understanding the mechanisms
governing their target-matching accuracy.

1. Introduction1

Active shape-morphing materials [4, 38, 48] are engineered materials whose properties are deliberately designed2

to produce programmable deformation in response to remote stimuli [56]. Their controllable deformation behavior3

enables a wide range of applications, including reconfigurable structures [62], soft robotics [1], and minimally invasive4

medical devices [30]. For example, the wings of an unmanned aerial vehicle (UAV) can be deformed in flight to achieve5

optimal aerodynamic control (Fig. 1a). However, conventional shape-morphing materials are often limited by restricted6

design freedom, making it di"cult to adapt their deformation behavior to complex, task-specific application scenarios.7

Metamaterials [57, 16], whose mechanical properties are governed by microstructural geometry rather than chemical8

composition, o!er a promising route to overcoming this limitation by encoding diverse deformation modes into their9

architecture. The integration of active stimuli-responsive mechanisms into such architected materials gives rise to10

active shape-morphing metamaterials (ASMMs) [18], which enable more flexible and precise programmability of shape11

change. However, the coupling between the microstructural geometry and material response makes it a fundamental12

challenge to simultaneously achieve large, programmable deformation while maintaining tractable design complexity in13

ASMMs.14

Addressing this challenge requires a careful examination of how deformation behavior is encoded through structural15

design in metamaterials. Existing design strategies can be broadly categorized into periodic and aperiodic approaches,16

each with distinct trade-o!s between design complexity and deformation programmability.17

A dominant paradigm is the periodic approach, in which the spatial arrangement of units is treated as a periodic18

extension [36] of a single repeating cell, with design e!orts focused primarily on optimizing the microstructural19

geometry within a prescribed unit domain [46], referred to as the unit cell. By reconfiguring the internal architecture20

within this domain, a variety of prescribed deformation behaviors can be achieved, including tailored linear deformation21

[61], negative Poisson’s ratio responses [49], and multistable deformation [23]. Automated design methods, such as22

topology optimization [67] and data-driven approaches [32], have further improved the e"ciency of generating such23

periodic metamaterials. The key advantage of this paradigm lies in its significant reduction of design complexity,24
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Fig. 1: Overview of scalable active metamaterial (SAM) design framework for shape-morphing. a, Example shape-morphing
task illustrated using an airfoil deformation. Given an initial configuration, the structure is required to deform into a
prescribed target shape under external stimulation. b and c, The design problem is decomposed into two subproblems. The
macroscale subproblem in b determines the deformation of free vertices in an underdetermined mechanism given prescribed
displacements of selected handle vertices. The microscale subproblem in c seeks the infill geometry of each unit cell that
realizes the desired local deformation. d, Solution to the macroscale subproblem by ConLME. The structure is treated as a
mesh, and the global deformation is solved through constrained mesh editing while keeping the unit-cell configurations
close to those in the dataset. e, Solution to the microscale subproblem by cDM or AS. The solved macroscale mesh in d is
decomposed into individual unit cell deformation targets, and the inverse design of each unit cell is performed using either a
conditional di!usion model or an adjustable search strategy. f, The designed unit cells shown in e are assembled into the
macroscale architecture. Finite element analysis under external stimulation verifies whether the resulting structure achieves
the target deformation.
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which greatly improves computational tractability. However, constraining the design to a predefined unit domain and25

replicating it periodically fundamentally limits the range of achievable deformations, often resulting in structures26

capable of only simple, globally uniform behaviors such as bending or uniform expansion.27

Removing the constraint of periodicity greatly expands the design space, allowing the geometries and properties of28

individual units to vary freely across the domain and substantially increasing the dimensionality of the configuration29

space [64, 10]. However, the design complexity a!orded by aperiodicity is essentially unbounded, rendering the problem30

intractable without additional constraints. To manage this complexity, existing approaches can be broadly grouped into31

three design frameworks: single-unit aperiodic tessellation, hierarchical design, and integrated design.32

Single-unit aperiodic tessellation arranges the same building block aperiodically to introduce spatial heterogeneity,33

thereby enhancing design flexibility while keeping the overall design complexity manageable [29, 28, 34, 15].34

Nevertheless, the diversity of achievable properties through aperiodic single-unit tiling remains inherently limited.35

Aperiodic tilings impose strict geometric compatibility requirements on the unit cell, precluding arbitrary cell geometries36

and thus constraining the accessible design and property space.37

To access a broader range of unit configurations, hierarchical design employs scale separation to hierarchically38

decompose the design problem. The desired mechanical response is prescribed at the macroscale, and a corresponding39

microstructure is assigned to each unit cell to satisfy the local property requirements [58, 55]. However, this framework40

implicitly relies on the assumptions of continuum mechanics, under which material properties such as sti!ness are41

defined as smoothly varying fields. While relaxing these assumptions can still yield viable designs in engineering42

practice, stronger spatial heterogeneity, characterized by rapid variation in material properties across the domain,43

necessitates additional treatments, such as those developed for functionally graded materials [35, 63]. Such treatments44

inevitably reintroduce constraints on the design freedom by requiring material properties to vary smoothly across the45

domain, which limits the achievable degree of spatial heterogeneity.46

A more general approach circumvents this smoothness requirement by designing the entire structure simultaneously,47

a strategy referred to as integrated design. Representative examples include kirigami and origami-based materials, which48

reformulate structural design as a geometric problem, reducing design complexity while retaining a high degree of49

configurational freedom [33, 51]. In these systems, the size, distribution, and arrangement of cuts and folds collectively50

govern the deformation response. However, the underlying design variables, such as cut patterns and fold lines, are often51

highly coupled and treated as purely geometric primitives, typically determined through iterative optimization [14].52

Although these design frameworks represent the primary strategies for aperiodic metamaterial design, their extension53

to ASMM reveals inherent limitations that collectively hinder scalability. The single-unit aperiodic tessellation approach54

is fundamentally constrained in its ability to achieve complex deformation modes, limiting its applicability to tasks55

requiring rich spatial programmability. Hierarchical design typically discretizes the domain into bar-based structures56

admitting only axial deformations [54], an assumption that substantially simplifies the design framework and remains57

valid when local deformations are small. However, active materials are generally soft and undergo large deformations,58

under which significant non-axial e!ects arise between adjacent units (see Appendix I for details), compromising the59

overall deformation behavior of the assembled structure. This is further supported by the non-axial deformation observed60

in the experimental results of [60]. Integrated design methods, on the other hand, generally require high-fidelity numerical61

simulations to obtain the deformed configuration [59, 47], substantially reducing design e"ciency and rendering the62

approach computationally prohibitive at high resolutions. As a result, all three approaches become increasingly di"cult63

to scale as structural resolution grows, and scalability has long remained a major obstacle to their practical deployment.64

To address the scalability challenge, we propose a general scalable active metamaterial (SAM) design framework65

built on three key contributions. First, we introduce a new design paradigm for aperiodic ASMMs based on a hybrid66

sti!–soft unit cell discretization, in which the sti! members limit inter-unit interactions while the deformation kinematics67

of each unit cell implicitly encode the local structural response, circumventing the limitation of the axial-deformation68

assumption in bar-based methods and eliminating the need for global structural simulation. This enables natural69

scale separation between the macro- and microscale design subproblems. Second, at the macroscale, we develop a70

constrained Laplacian mesh editing (ConLME) method that incorporates data-driven constraints, enabling e"cient,71

physically consistent global deformation without expensive physical simulations. Third, at the microscale, we introduce a72

conditional di!usion model-based inverse design approach, together with a retrieval-based adjustable search strategy that73

serves as a deterministic reference; the di!usion model is far more e"cient at high resolution. The overall framework74

achieves computational cost that scales approximately linearly with structural resolution—a property that, to our75

knowledge, has not been demonstrated in existing ASMM design frameworks. Together, these components enable76

e"cient, accurate, and generalizable design of ASMMs, validated on representative deformation tasks including77
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single-point actuation, multi-point control, and curve matching. All designs are verified by geometrically nonlinear78

finite element simulations of the assembled structures; for physically feasible target deformations, a constraint shared79

across all existing ASMM design approaches, the mean relative errors of the examples lie between 3% and 29%.80

2. Methods81

We first introduce the SAM design framework and then describe the macroscale and microscale design methods.82

The unit cell design, the finite element modeling, the data generation, the evaluation metrics, and the computational83

settings are detailed in Appendices A, B, C, F, and G, respectively.84

2.1. Scalable active metamaterial (SAM) design framework for shape-morphing85

The goal of the SAM framework is to transform a given initial shape into a target configuration using active86

metamaterials (Fig. 1a). We discretize the entire design domain into unit cells with a hybrid architecture composed of87

soft and sti! materials. Since the deformation of the sti! material is negligible relative to that of the soft material, we88

treat the sti! members as rigid and neglect their contribution to the overall deformation in the analysis. This material89

contrast enables a natural decomposition of the problem into two scales: macroscale and microscale. At the macroscale,90

rigid bars partition the domain into equal-sized square unit cells (Fig. 1b), where adjacent cells are connected by hinged91

rigid bars, forming an underdetermined linkage mechanism. This structure admits a mesh representation 𝝎 = (∱ , ∲),92

where ∱ denotes all vertices, each corresponding to a hinge joint in the linkage, and ∲ denotes the edges representing93

the connecting rigid bars. The coordinates of all vertices are vectorized as 𝜺 ε ℝ2𝜔𝜀 when used in linear algebraic94

formulations, where 𝜔𝜀 = ⌋∱⌋ is the total number of vertices. At the microscale (Fig. 1c), each unit cell contains a soft95

material infill with a specific geometrical structure 𝝑 that deforms in response to external stimuli, thereby driving the96

relative motion of the rigid bars and enabling global shape morphing. In this work, the infill material exhibits thermally97

induced mechanical deformation. The detailed parameterization is provided in Appendix A. Under this setup, the micro-98

and macro-scales decouple naturally. By further assuming that adjacent unit cells exhibit identical displacements at99

their shared interfaces in response to external stimuli, we decompose the overall design problem into two independent100

subproblems, each solvable without explicitly modeling the interactions between unit cells. This decoupling is an101

approximation. The interaction that remains between the unit cells of an assembled structure is discussed in Section 3.4102

and quantified in Appendix L.103

To solve the macroscale subproblem, we develop Constrained Laplacian Mesh Editing (ConLME) (Fig. 1d). Based104

on the assumption that deformation of the rigid components is negligible, the macroscale subproblem reduces to a105

mesh deformation problem that requires no physical simulation. Given a set of handle vertices whose positions after106

deformation are prescribed according to the target shape, the macroscale subproblem seeks the positions of the remaining107

free vertices. Specifically, given the prescribed positions of handle vertices 𝜺𝜗
handle

, we formulate this as the following108

optimization problem:109

𝜺ω
f ree

= argmin
𝜺f ree

⌈𝜺𝜗
handle

ϑ 𝜺handle(𝜺f ree)⌈2, (1)

where 𝜺f ree denotes the coordinates of the free vertices and 𝜺handle denotes the deformed positions of the handle vertices.110

The full vertex coordinates 𝜺ω, assembled from the optimized free vertices 𝜺ω
f ree

and the handle vertices 𝜺handle, are111

then decomposed into individual unit cells. Each cell is represented by a specific equilateral octagonal configuration112

(Fig. 1c), which can also be fully characterized by its eight internal angles 𝝕. The solution to this optimization problem113

must satisfy three criteria. First, the mesh topology must be preserved to ensure the stability of local relative coordinates.114

Second, the lengths of mesh edges should remain unchanged. Third, the final configuration of each unit cell should lie115

within the feasible region reachable by the local design method. To enforce these criteria, we modify the Laplacian116

surface editing [50, 27] approach by introducing soft constraints into the original optimization problem, yielding the117

ConLME formulation. Consequently, the original problem in Eq. (1) is transformed into the minimization of a weighted118

energy function:119

𝜺ω
f ree

= argmin
𝜺𝛚𝛆𝛝𝛝

𝜛𝜚𝜍𝜚(𝜺) +𝜛𝜑𝜍𝜑 (𝜺) +𝜛𝜗𝜍𝜗(𝜺handle(𝜺f ree); 𝜺𝜗handle). (2)

The three terms serve distinct roles: the Laplacian energy 𝜍𝜚(𝜺) promotes smooth deformation by keeping vertices120

close to the centroid of their neighbors; the configuration consistency energy 𝜍𝜑 (𝜺) keeps each unit cell close to its121
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nearest configuration in the preconstructed dataset ∳, which encourages both edge length invariance and the feasible122

design range of the microscale subproblem; and the target matching energy 𝜍𝜗(𝜺) drives the handle vertices toward123

their prescribed target positions. With weights 𝜛𝜚, 𝜛𝜑 , and 𝜛𝜗 (selected as described in Appendix D), the second and124

third terms act as soft constraints: they penalize, but do not exclude, stretched edges and configurations far from the125

dataset, so the solution is checked afterwards with the dissimilarity and edge length deviation diagnostics of Section 3.4.126

For fixed reference configurations, the resulting objective is a positive definite quadratic whose minimizer is obtained127

by solving a linear system; alternating this solve with the retrieval of reference configurations monotonically decreases128

the objective, which yields an e"cient solution to the macroscale subproblem. Definitions of the three terms and the129

derivation of the linear system are given in Section 2.2.130

The microscale subproblem performs inverse design of the internal infill geometry 𝝑 for each unit cell, given the131

target configuration angles 𝝕 obtained from the macroscale solution. This problem is essentially equivalent to the inverse132

design of conventional passive metamaterial unit cells [55, 31, 37] and can be addressed within an acceptable error133

tolerance using standard generative methods (Fig. 1e). The designed infills are then assembled to form the final structure134

that performs the target deformation (Fig. 1f). We address this inverse design task using two alternative approaches,135

each o!ering distinct trade-o!s between computational cost and design flexibility.136

The first is an adjustable search (AS) strategy, in which candidate unit cell configurations are retrieved from a137

preconstructed dataset ∳ and iteratively substituted into the global structure, followed by re-solving the macroscale138

subproblem. This process repeats until all unit cell configurations are determined. Details of the dataset ∳ and the full139

procedure are provided in Appendix C and Section 2.3, with geometric parameterization in Appendix A.140

The second approach employs a conditional di!usion model (cDM) [9, 25, 26] to learn the conditional distribution141

of infill geometry 𝝑, denoted 𝛻(𝝑⌋𝝕). During inference, candidate infill designs are generated through an iterative142

denoising process conditioned on the prescribed unit cell configuration 𝝕. The model architecture and implementation143

details are provided in Section 2.4.144

2.2. Constrained Laplacian mesh editing145

This section defines the three energy terms in Eq. (2), and derives the linear system that minimizes their weighted146

sum; weight selection and iterative convergence are analyzed in Appendix D.147

The Laplacian energy is defined as148

𝜍𝜚(𝜺) =
⌉
𝜕ε∱𝜚

{{{{{{
𝜺𝜕 ϑ

1

ℵ𝜕

⌉

ℶε⨋𝜕

𝜺ℶ
{{{{{{

2

, (3)

where 𝜺 is the vectorization of all vertices ∱ , 𝜺𝜕 ε ∱ denotes the coordinate of vertex 𝜕, ℵ𝜕 is the number of its neighbors,149 ⨋𝜕 is the corresponding neighbor set, and 𝜔𝜀 = ⌋∱⌋. The sum runs over ∱𝜚 ℷ ∱ , which excludes the isolated hinge150

vertices at the corners of boundary cells to prevent the boundary from collapsing. This term penalizes the deviation of151

each remaining vertex from the centroid of its neighbors, thereby preserving mesh topology and promoting smooth152

deformation. In matrix form, this energy can be written compactly as153

𝜍𝜚(𝜺) = ⌈𝛡𝜚𝜺⌈2, (4)

where 𝛡𝜚 is the normalized graph Laplacian matrix with the rows of the excluded vertices set to zero. Since 𝜺 ε ℝ2𝜔𝜀154

stacks both coordinates of every vertex, all vertex-level matrices in this section act on the two coordinates independently,155

i.e., they are Kronecker products with 𝛠2; the factor ℸ 𝛠2 is omitted for brevity.156

The configuration consistency energy is defined as157

𝜍𝜑
}
𝜺; {⊳𝜕,𝛓𝜕, 𝝔𝜕}

⦃
=

𝜔⊳⌉
𝜕=1

8⌉
ℶ=1

{{{{𝜺
(𝜕)
ℶ ϑ

⦄
𝛓𝜕 ⊲𝜺

(⊳𝜕)
ℶ + 𝝔𝜕

⟨{{{{
2

, (5)

where 𝜺(𝜕)ℶ denotes the ℶ-th vertex of cell 𝜕, 𝜔⊳ is the total number of unit cells, and ⊲𝜺(⊳𝜕)ℶ is the ℶ-th vertex of the158

configuration ⊳𝜕 ε ∳ assigned to cell 𝜕, placed at that cell by the rigid transformation (𝛓𝜕, 𝝔𝜕). For a given deformed159

mesh, each cell is assigned the configuration that fits it best, i.e., Eq. (5) is minimized over the assignment and the160

alignment, which decouples into one problem per cell:161

(⊳ω𝜕 ,𝛓
ω

𝜕 , 𝝔
ω

𝜕 ) = arg min
1⨌⊳⨌⌋∳⌋, 𝛓εSO(2), 𝝔εℝ2

8⌉
ℶ=1

{{{{𝜺
(𝜕)
ℶ ϑ

⦄
𝛓 ⊲𝜺(⊳)ℶ + 𝝔

⟨{{{{
2

. (6)
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We write ⊲𝜺(𝜕)ℶ = 𝛓ω

𝜕 ⊲𝜺
(⊳ω𝜕 )
ℶ + 𝝔ω𝜕 for the resulting aligned reference position and abbreviate 𝜍𝜑 (𝜺) = 𝜍𝜑

}
𝜺; {⊳ω𝜕 ,𝛓ω

𝜕 , 𝝔
ω

𝜕 }
⦃
.162

For a given candidate ⊳, the inner minimization over (𝛓, 𝝔) is the Procrustes problem of optimally superimposing two163

ordered point sets, whose closed-form solution is classical [42, 52]: the optimal translation matches the centroids of the164

two configurations, and the optimal rotation follows from the cross-covariance matrix of the centroid-subtracted vertices.165

The minimization over ⊳ is then an exhaustive search over ∳, which is evaluated in closed form for all candidates at166

once. Reflections are excluded (𝛓 ε SO(2)), since a mirrored configuration corresponds to a di!erent infill design.167

This term encourages each unit cell to remain close to a configuration in ∳, avoiding out-of-distribution solutions168

and implicitly constraining mesh edge lengths to remain near their initial values. To write this energy in matrix form for169

a fixed set of aligned references, we regroup the double sum in Eq. (5) by global vertex. Let ⨍0 denote the set of unit170

cells containing vertex 0, 10 = ⌋⨍0⌋ the number of such cells, and, with a slight abuse of notation, ⊲𝜺(𝜕)0 the reference171

position that the aligned configuration of cell 𝜕 ε ⨍0 assigns to vertex 0. Then172

𝜍𝜑 (𝜺) =
𝜔𝜀⌉
0=1

⌉
𝜕ε⨍0

⌈𝜺0 ϑ ⊲𝜺(𝜕)0 ⌈2 = 𝜺2𝛡𝜑𝜺 ϑ 2 𝜺2 𝝇∳ + ⊳𝜑 , (7)

where 𝛡𝜑 = diag(11, 12,… , 1𝜔𝜀
), ⊳𝜑 =

⟩
0
⟩

𝜕ε⨍0
⌈ ⊲𝜺(𝜕)0 ⌈2 is independent of 𝜺, and 𝝇∳ is a vector whose 0-th entry is173

the sum of the reference positions of vertex 0 over all cells containing it:174

𝝇∳0 =

⌉
𝜕ε⨍0

⊲𝜺(𝜕)0 . (8)

Equivalently, 𝜍𝜑 (𝜺) =
⟩

0 10⌈𝜺0ϑ𝝇∳0 ϖ10⌈2+const, i.e., each vertex is attracted to the average of its reference positions175

with a weight equal to the number of cells sharing it.176

The target matching energy is defined as177

𝜍𝜗(𝜺) =
⌉

𝜺𝜕ε∱handle

⌈𝜺𝜕 ϑ 𝜺𝜗𝜕⌈2, (9)

where ∱handle is the set of handle vertices and 𝜺𝜗𝜕 is the target position of handle vertex 𝜕. Fixed vertices, i.e., those178

anchored by the boundary conditions, are treated as handle vertices with zero prescribed displacement (𝜺𝜗𝜕 equal to179

their initial position) and are therefore included in ∱handle. This term enforces the boundary conditions by driving the180

vertices with prescribed target positions toward their desired locations. In the matrix form, it could be written as,181

𝜍𝜗(𝜺) = ⌈𝛡𝜗𝜺 ϑ 𝝇𝜗⌈2, (10)

where 𝛡𝜗 = diag(31, 32,… , 3𝜔𝜀
) is a diagonal selection matrix with182

3ℶ =

⟪
1 if 𝜺ℶ ε ∱handle,
0 otherwise,

(11)

and 𝝇𝜗 is the target position vector whose ℶ-th entry equals the prescribed target position 𝜺𝜗ℶ if 𝜺ℶ ε ∱handle and zero183

otherwise. This term penalizes the deviation of handle vertices from their prescribed target positions.184

Substituting Eqs. (4), (7), and (10) into Eq. (2), it can be written in algebraic form as185

𝜍(𝜺) = 𝜛𝜚⌈L𝜚𝜺⌈2 +𝜛𝜑
}
𝜺2 L𝜑𝜺 ϑ 2 𝜺2 𝝇∳ + ⊳𝜑

⦃
+𝜛𝜗⌈L𝜗𝜺 ϑ 𝝇𝜗⌈2. (12)

For fixed reference configurations { ⊲𝜺(𝜕)}, each term is quadratic in 𝜺 and all weighting coe"cients are positive, so186

the optimization problem admits an analytical solution. By di!erentiating Eq. (12) with respect to 𝜺, we obtain187

4𝜍
4𝜺 = 2

⟫
(𝜛𝜚L2

𝜚L𝜚 +𝜛𝜑L𝜑 +𝜛𝜗L2
𝜗 L𝜗)𝜺 ϑ (𝜛𝜑𝝇∳ +𝜛𝜗L2

𝜗 𝝇
𝜗
)
❲
. (13)

By setting Eq. (13) to zero, a concise linear system is obtained:188

L5𝜺 = 𝝇5 (14)
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where189

L5
= 𝜛𝜚L2

𝜚L𝜚 +𝜛𝜑L𝜑 +𝜛𝜗L2
𝜗 L𝜗, (15)

and190

𝝇5 = 𝜛𝜑𝝇∳ +𝜛𝜗L2
𝜗 𝝇

𝜗. (16)

Because every vertex belongs to at least one unit cell (10 ⨎ 1), L𝜑 is positive definite, and hence so is L5; the linear191

system therefore has a unique solution, which is the minimizer of Eq. (12) for the current reference configurations. Pure192

Laplacian surface editing [50] is used to obtain the initial design.193

In general, the reference configurations retrieved by Eq. (6) change after each solve of Eq. (14), so the macroscale194

subproblem is solved iteratively by alternating two steps: (i) retrieval, in which 𝜺 is fixed and Eq. (6) is solved for195

every cell; and (ii) update, in which the aligned references are fixed and Eq. (14) is solved for 𝜺. Both steps minimize196

the same energy 𝜛𝜚𝜍𝜚(𝜺) +𝜛𝜑𝜍𝜑
}
𝜺; {⊳𝜕,𝛓𝜕, 𝝔𝜕}

⦃
+𝜛𝜗𝜍𝜗(𝜺), now regarded as a function of the vertex coordinates197

and the assignment and alignment variables: step (i) minimizes it exactly over {⊳𝜕,𝛓𝜕, 𝝔𝜕}, since 𝜍𝜚 and 𝜍𝜗 do not198

depend on these variables and 𝜍𝜑 decouples across cells, and step (ii) minimizes it exactly over 𝜺. Consequently, this199

energy is monotonically non-increasing over the iterations and, being bounded below by zero, converges. The iteration200

is terminated when the retrieved configurations no longer change or a prescribed maximum number of iterations is201

reached.202

2.3. Adjustable search203

The AS strategy performs microscale inverse design by sequentially retrieving unit cell configurations from the204

dataset ∳ (Algorithm 1). Given a mesh (∱ , ∲), a unit cell dataset ∳, and an initial fixed cell set ⨏—where a fixed cell is205

defined as any unit cell containing at least one handle vertex—the macroscale deformation is first resolved via ConLME206

to obtain an initial vertex configuration ∱0. Candidate cells are then traversed sequentially in a prescribed search order;207

for each cell, the nearest-neighbor configuration is retrieved from ∳ and aligned to the current cell location by rotating208

about the axis defined by the known vertex pair, ensuring consistency with the already-fixed vertices. The retrieved209

configuration is then substituted into the global structure, its vertices become fixed vertices, and ConLME is re-solved210

with all fixed vertices treated as handle vertices to update the positions of the remaining free vertices. This process211

repeats until all unit cells have been assigned a configuration.212

The search order is determined according to the following principles:213

1. Unit cells in the fixed cell set ⨏ are prioritized;214

2. Among cells with equal fixed status, those with a greater number of fixed vertices are prioritized;215

3. Among cells satisfying the above conditions equally, those undergoing larger deformations in ∱0, measured by216

the magnitude of the area variation ⌋ϱ6⌋ (Appendix D), are prioritized.217

Specifically, the search begins from the fixed cells at the boundary and proceeds outward. The key advantage of this218

ordering strategy is that it prioritizes cells whose vertex positions are already well-constrained, ensuring that the219

macroscale solution is updated with reliable reference points and thereby reducing accumulated error in the remaining220

free vertices.221

Fig. 2a illustrates the execution of the AS algorithm step by step. A comparison of dissimilarity scores before and222

after the AS update (Figs. 2b–c) shows a marked reduction in overall dissimilarity, since every unit cell is replaced by a223

configuration retrieved from the dataset.224

2.4. Conditional di!usion model225

Unlike AS, which retrieves existing designs from ∳, the cDM generates infill geometries by sampling from the226

learned conditional distribution 𝛻(𝝑⌋𝝕). A U-Net [41] predicts the noise added at each di!usion timestep; following the227

conditional DDPM settings in [9], the target configuration is injected throughout the network.228

2.4.1. Fundamentals of the denoising di!usion probabilistic model (DDPM)229

The denoising di!usion probabilistic model (DDPM) [26] defines a forward process that progressively corrupts230

clean design parameters 𝝑0 into pure Gaussian noise 𝝑2 , and a reverse process in which a deep neural network learns to231
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Algorithm 1: Adjustable Search (AS)

Input: Unit cell vertices ∱ =
❳𝜔⊳

0=1{𝜺
(0)
ℶ }

8

ℶ=1 where {𝜺(0)ℶ }
8

ℶ=1 denotes the configuration of the 0-th unit cell,

unit cell dataset ∳ = {⨐(0)
}
⌋∳⌋
0=1 where ⨐(0)

= { ⊲𝜺(0)ℶ }
8

ℶ=1 is one configuration in the dataset, initial set of
fixed cell indices ⨏

Output: Optimized unit cell vertices {𝜺(0)ωℶ }
8

ℶ=1 for 0 = 1,… ,𝜔⊳

Solve Eq. (14) to obtain initial vertex positions ∱0;
Determine search order ⨑ = [71, 72,… , 7𝜔⊳

] according to the prioritization rules;
for 𝜕 = 1 to 𝜔⊳ do

Retrieve nearest-neighbor configuration from dataset: ⊳ω  argmin1⨌⊳⨌⌋∳⌋
⟩8

ℶ=1 ⌈𝜺
(7𝜕)
ℶ ϑ ⊲𝜺(⊳)ℶ ⌈2;

Align ⨐(⊳ω) to the current cell location via rotation about the known vertex axis;
Substitute aligned configuration: 𝜺(7𝜕)ℶ  ⊲𝜺(⊳

ω
)

ℶ for ℶ = 1,… , 8;
Update fixed cell set: ⨏  ⨏ ς {7𝜕};
Re-solve Eq. (14) to obtain updated ∱ ;

return 𝜺(0)ωℶ  𝜺(0)ℶ for 0 = 1,… ,𝜔⊳ , ℶ = 1,… , 8;

Fig. 2: Adjustable search (AS) method. a, Illustration of the AS procedure. b and c, Dissimilarity scores before (b) and
after (c) AS for the sinusoidal beam benchmark.
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reconstruct the original design from noise. In the forward process, Gaussian noise 𝝋 φ ⨋ (𝛗, 𝜵) is added to 𝝑0 according232

to a predefined noise schedule {8𝜗 ε (0, 1)}2𝜗=1, forming a Markov chain:233

9(𝝑1∇2 ⌋𝝑0) =
2/
𝜗=1

9(𝝑𝜗⌋𝝑𝜗ϑ1), 9(𝝑𝜗⌋𝝑𝜗ϑ1) = ⨋ }
𝝑𝜗;

\
.𝜗 𝝑𝜗ϑ1, (1 ϑ .𝜗)𝜵

⦃
, (17)

where ,.𝜗 =
(𝜗

𝜕=1(1 ϑ 8𝜕), which allows sampling at arbitrary timesteps via:234

𝝑𝜗 =
\

,.𝜗 𝝑0 +
\
1 ϑ ,.𝜗 𝝋. (18)

The reverse process begins by sampling 𝝑2 φ ⨋ (𝛗, 𝜵) and iteratively samples from 𝛻(𝝑𝜗ϑ1⌋𝝑𝜗) until 𝝑0 is reconstructed.235

This distribution is parameterized by a neural network:236

𝛻𝝏(𝝑𝜗ϑ1⌋𝝑𝜗) = ⨋ }
𝝑𝜗ϑ1; ℵ𝝏(𝝑𝜗, 𝜗), <2𝜗 𝜵

⦃
, (19)

where 𝝏 denotes the network parameters and the variance is fixed as:237

<2𝜗 =
1 ϑ ,.𝜗ϑ1
1 ϑ ,.𝜗

8𝜗. (20)

Following [26], the network is trained by directly predicting the added noise rather than maximizing the evidence lower238

bound (ELBO):239

⨒(𝝏) = "𝝋φ⨋ (𝛗,𝜵),𝝑0, 𝜗φUnif(1,2 )

)
{{{𝝋 ϑ 𝝋𝝏(𝝑𝜗, 𝜗)

{{{
2
⦅
. (21)

2.4.2. Conditional encoding240

Since the task requires generating unit cell designs conditioned on the target deformed configuration 𝝕, a conditional241

di!usion model is employed:242

9𝝏(𝝑𝜗ϑ1⌋𝝑𝜗,𝝕) = ⨋ }
𝝑𝜗ϑ1; ℵ𝝏(𝝑𝜗, 𝜗,𝝕), <2𝜗 𝜵

⦃
. (22)

Following [40], the condition 𝝕 is injected via cross-attention at multiple scales of the U-Net. No separate condition243

encoder is used: the min–max normalized angle vector 𝝕 ε ℝ1∂8 is passed directly as the context of every cross-244

attention layer, which projects it to keys and values through its own linear maps. At each downsampling block, the245

feature map is fused with a cross-attention output computed from 𝝕, then processed by residual and attention layers246

before downsampling. The same conditioning is applied at the bottleneck and at each upsampling block after skip247

concatenation, ensuring that condition information is continuously re-incorporated throughout both the compression248

and reconstruction stages.249

2.4.3. Model architecture and training250

The noise-prediction network is a one-dimensional U-Net with four encoder stages, a bottleneck, and a mirrored251

decoder with skip connections. The di!usion timestep modulates every residual block, and the target configuration 𝝕252

is injected by cross-attention at every stage, as described above. The di!usion process uses 2 = 1000 timesteps, and253

designs are generated by sampling over all 2 steps. The model is trained on 80% of the dataset, with the remaining 20%254

held out as the test set, and training completes in less than one hour on a single GPU. On the test set, the model reaches255

a coe"cient of determination of 0.91, corresponding to an RMS angle error of 3.41⋛. The full architecture, the training256

settings, and the evaluation procedure are given in Appendix E.257

3. Results258

This section evaluates four key characteristics of the proposed SAM framework: scalability, accuracy, generality,259

and compactness.260
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3.1. Linear scalability in cost261

A key advantage of the SAM framework is its ability to enable scalable design of ASMMs. To quantitatively evaluate262

this capability, we investigate a sinusoidal beam benchmark. The left end of the beam is fixed, and the target deformation263

requires its bottom edge to conform to a sinusoidal profile (Figs. 3a–i, blue dots). We systematically analyze design264

performance and accuracy under varying structural resolutions and deformation amplitudes. Resolution is varied by265

increasing the number of unit cells along both the vertical and horizontal directions, progressing from left to right in266

Figs. 3a–i. Deformation amplitude is varied across three levels (0.5, 1.0, and 1.5 times the beam width), progressing267

from top to bottom. For each combination of resolution and amplitude, results are presented for both microscale design268

methods, cDM and AS.269

To quantify design e"ciency, we evaluate the wall-clock time of the SAM framework under identical hardware270

configurations for both microscale design methods. Details of the computational setup are provided in Appendix G.271

With increasing resolution, both the cDM-based microscale design stage and the ConLME-based macroscale design272

stage exhibit linear scaling with respect to the total number of unit cells (Fig. 3j). A detailed time complexity analysis273

confirming this linear scaling, along with a comparison against baseline methods, is provided in Appendix H. In contrast,274

the computational cost of AS-based SAM grows superlinearly with resolution, approximately as 𝜔2

⊳ between 180 and275

1328 unit cells (Fig. 3m). As resolution increases, the runtime of AS-based SAM grows rapidly; at 1328 unit cells it is276

about 9 times that of cDM-based SAM (2961 s versus 322 s at the intermediate amplitude). This divergence arises from277

a fundamental di!erence in how the two methods scale: AS-based SAM resolves the macroscale subproblem after each278

search step to update the remaining free vertex positions and avoid error accumulation, a cost that grows substantially279

with the number of unit cells. The cDM-based SAM, by contrast, requires a full inverse di!usion process for each unit280

cell regardless of the total number, so its per-cell cost remains constant and the total cost grows only linearly.281

Due to the lack of publicly available implementations of shape-morphing active metamaterials, we compare the time282

complexity of the SAM framework against a representative optimization-based baseline rather than against measured283

runtimes. Since gradient-based methods are generally more e"cient than heuristic methods such as genetic algorithms,284

we take topology optimization (TO) as the reference. As derived in Appendix H, for a metamaterial structure composed285

of 𝜔⊳ unit cells, each discretized by an ℏ ∂ ℏ finite element grid, TO requires one finite element analysis of the286

assembled structure per iteration. Its cost over 0 iterations scales as >(0ℏ4𝜔2

⊳ ) with a banded direct solver [22], as287

>(0ℏ3𝜔1.5
⊳ ) with a sparse direct solver [20], and as >(0ℏ2𝜔⊳) in the best case of an optimal iterative solver [12, 3].288

The measured cost of cDM-based SAM grows linearly with 𝜔⊳ (Fig. 3j). The advantage of SAM over TO therefore289

depends on the solver assumed for TO: with direct solvers it lies in the power of 𝜔⊳ , whereas against an optimal iterative290

solver both scale linearly and the advantage is the factor 0ℏ2, which arises because SAM requires no finite element291

analysis of the assembled structure during design. This comparison is asymptotic; it excludes the one-time o#ine cost292

of generating the dataset and training the model, and it is not an accuracy-matched runtime benchmark.293

3.2. Accuracy variation at two scales294

To separate the shape-morphing performance at the macroscale and the microscale, we evaluate accuracy at each295

scale independently. At the microscale, we compute the RMS error RMSmicro between the angle changes of the designed296

unit cells, simulated in isolation, and their target configurations. At the macroscale, we measure the mean absolute error297

(MAE) between the deformed positions of handle vertices and their prescribed targets (Figs. 3a–i). Calculation details298

for both metrics are provided in Appendix F. Because the di!usion sampling is random, every cDM configuration is299

designed three times and the mean is reported; AS is deterministic.300

At the microscale, the RMS error of unit cells generated by the cDM-based SAM is nearly constant across all301

resolutions (Fig. 3k); it remains close to the error measured on the test set (Appendix E), increases only slightly with the302

deformation amplitude, and varies little between repeated designs. The microscale error is therefore set by the generation303

accuracy of the di!usion model and does not grow with the number of unit cells. For AS-based SAM, the RMS error304

increases with deformation amplitude and likewise changes little with resolution (Fig. 3n). Because AS-based SAM305

retrieves pre-existing designs from the dataset and re-solves the macroscale subproblem after each retrieval, its unit306

cell targets coincide with dataset entries by construction, and its microscale error is consistently smaller than that of307

cDM-based SAM, by a factor that narrows as the amplitude increases.308

At the macroscale, the MAE between the target handle vertex positions and those obtained from finite element309

simulations of the full structure is reported for both methods (Figs. 3l and 3o). The MAE is normalized by the beam310

width. At the smallest amplitude, the coarse designs already have enough degrees of freedom to realize the required311

deformation, and the error remains small at all resolutions, with some fluctuation. At the largest amplitude, the limited312
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Fig. 3: Computational e!ciency and accuracy of the SAM framework evaluated on the sinusoidal beam benchmark. a–i,
Deformation results under di!erent resolutions and deformation magnitudes. From left to right, the resolution increases,
and from top to bottom, the deformation magnitude increases. In each panel, the upper plot corresponds to local design
using the conditional di!usion model (cDM), while the lower plot corresponds to the adjustable search (AS) strategy. The
blue curve denotes the target positions of the handle vertices, green dots represent their deformed positions obtained from
finite element simulations, and red dots mark the fixed vertices. j, Wall-clock time of the cDM-based SAM under di!erent
resolutions, decomposed into the ConLME stage (for the macroscale subproblem) and the cDM stage (for the microscale
subproblem). In j–l, each configuration is designed three times with independent di!usion samples; the bars and curves
show the mean, and the error bars and shaded bands show one standard deviation. The labels above the bars in j and
m indicate the resolutions shown in the deformation panels: 20 (a, d, g), 750 (b, e, h), and 1328 (c, f, i) unit cells. k,
Microscale performance of the cDM-based SAM measured by the RMS error RMS

micro
between the target angle changes of

the unit cells and those simulated for the inverse-designed unit cells under varying resolutions and deformation magnitudes.
l, Macroscale performance of the cDM-based SAM, measured as the MAE between target positions and the actual deformed
positions of handle vertices based on the FEA simulation of the assembled metamaterial structure, divided by the beam
width. m, Wall-clock time of the AS-based SAM under di!erent resolutions. AS is deterministic, so each configuration is
designed once. The dashed line marks the time of the cDM-based SAM with 1328 unit cells, and the inset enlarges the
three coarsest designs. n, Microscale performance of the AS-based SAM. o, Macroscale performance of the AS-based SAM,
normalized as in l.
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Fig. 4: Gallery of shape-morphing design examples generated by the proposed framework. In all the figures, the green dot
points out the actual deformation of the handle vertex after morphing, and the blue arrow presents the target displacement
from the initial position to the target position. The faded structure shows the initial configuration. a, Octopus in which five
arms are independently controlled to achieve di!erent target deformations; the inset enlarges the designed unit cells of
one arm. b and c, Two airfoil shape-matching tasks, with target shapes selected from the UIUC airfoil dataset [44, 13].
Here, the target configuration is represented by a closed blue curve. d, Active metamaterial tweezers with the left end
fixed and the two tips on the right approaching each other to achieve a gripping motion. e, Checkerboard beam structure
demonstrating large deformation capability when sparse local units are introduced.

degrees of freedom of the coarse designs cannot realize the large deformation, and the coarsest design has the largest313

error for both methods (Figs. 3a, d, and g); as the resolution increases, the additional degrees of freedom improve314

the deformation capability of the structure, and the error decreases. The two methods reach comparable errors at the315

two smaller amplitudes, whereas cDM-based SAM is more accurate at the largest. The repeated cDM designs di!er316

noticeably only for the coarsest design at the smallest amplitude, where the spread between designs is comparable to317

the mean error; at higher resolutions the spread is small compared with the di!erences discussed here.318

Although the unit cells retrieved by AS are more accurate than those generated by the cDM, the macroscale error319

of AS-based SAM is not smaller, and at the largest amplitude it is higher. The sources of these errors are analyzed320

in Section 3.4, after the shape-morphing examples have been presented. Since the cost of cDM-based SAM grows321

linearly with the number of unit cells while that of AS-based SAM grows quadratically, and the macroscale accuracy of322

cDM-based SAM is comparable to or better than that of AS-based SAM, cDM-based SAM is used for the shape-morphing323

examples in Section 3.3.324

3.3. Generality and shape-morphing accuracy325

To demonstrate the generality of the proposed method, we designed several shape-morphing examples using the326

cDM-based SAM framework. In the first example, an octopus-shaped structure is actuated by assigning displacements327

of varying magnitudes and directions to the tip of each arm (Fig. 4a). Most arms approach their target positions, with the328

largest deviation at the lower-right arm, demonstrating the capability of the framework to handle multi-point actuation329

in geometrically complex structures. We further selected two airfoil geometries from the UIUC airfoil dataset [44, 13],330
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treating one as the initial configuration and the other as the target, and applied the SAM framework to design the331

morphing transition. The majority of handle vertices lie close to their target positions, with misalignment observed in332

several local regions (Figs. 4b and c). As a third example, we designed an active tweezer structure in which the left end333

is fixed while the two right-side tips converge to achieve a gripping function (Fig. 4d). Finally, when the domain is334

discretized into a checkerboard pattern—analogous to kirigami-inspired architectures—significantly larger deformations335

become achievable (Fig. 4e). Additional examples are provided in Appendix J.336

Two aspects of the problem setup matter for these examples. First, the linkage formed by the sti! members can bend337

but hardly elongate, so a handle target that lies farther from the fixed vertices than the handle’s initial position cannot338

be reached; a purely vertical displacement of the tip of a cantilever is such a target. In the airfoil tail drop, octopus,339

and checkerboard beam examples, each handle target that would require the structure to elongate is therefore moved340

back, along the line to the centroid of the fixed vertices, to the initial distance from that centroid, while targets that341

bring the handle closer to the fixed vertices are kept as prescribed. Second, the airfoils are slender and their prescribed342

displacements are small compared with the chord, so that a small rigid rotation about the support dominates the error if343

the support is confined to the leading edge. The airfoils are therefore supported at a leading-edge vertex and at a distant344

handle vertex. The same supports are used in the macroscale solution and in the FEA.345

Quantitative performance across the examples in Fig. 4 is summarized in Table 1, where design accuracy is346

evaluated using mean absolute error (MAE) and mean relative error (MRE), supplemented by the average coe"cient of347

determination ⋆2

macro
. Definitions and calculation details of these metrics are provided in Appendix F. The characteristic348

length 𝜚⊳ , defined as the maximum target displacement among all handle vertices, serves as the normalization reference349

for MRE. When only a single handle vertex is prescribed, as in the airfoil tail drop (Fig. 1f), and checkerboard beam350

(Fig. 4e) examples, the MRE remains below 9%. When multiple handle vertices are involved, as in the octopus (Fig. 4a)351

and tweezer (Fig. 4d) examples, or when the task requires matching an entire target shape, as in the airfoil morphing352

examples (Figs. 4b–c), the errors are larger. Since ⋆2

macro
is computed from the handle positions rather than from their353

displacements, it stays close to one whenever the displacements are small compared with the size of the structure; MAE354

and MRE, which are based on displacements, are therefore the primary measures of accuracy.355

Table 1
Performance metrics of the example case studies.

Case Deformation Plot 𝜔⊳ 𝜔≨ MAE (mm) ⋆2

macro
𝜚

c
(mm) MRE

Airfoil tail drop Fig. 1f 2212 1 0.7598 - 9.16 8.29%
Octopus Fig. 4a 2950 5 2.0368 0.9971 8.49 23.98%
Airfoil shape change 1 Fig. 4b 2209 43 1.4734 0.9644 5.77 25.51%
Airfoil shape change 2 Fig. 4c 4208 44 1.5677 0.9948 12.42 12.62%
Tweezers Fig. 4d 1673 4 1.0073 0.9237 10.30 9.78%
Checkerboard beam Fig. 4e 120 1 0.2629 - 10.05 2.62%

3.4. Error source analysis356

The quantity that ultimately indicates whether a design succeeds is the macroscale error, i.e., how closely the357

assembled structure reaches its target shape. The macroscale error has two contributions. The first is the error of the unit358

cell designs, measured by the microscale error. The second is the assembly e!ect, i.e., the change in the deformation of359

a unit cell when it is embedded in the assembled structure. We discuss them in turn.360

The error of the unit cell designs (microscale error) has two origins, namely the accuracy of the microscale design361

method and the feasibility of the targets required by the macroscale solution. Both can be identified from the macroscale362

solution with two diagnostic metrics, dissimilarity and edge length deviation. Dissimilarity measures the mean Euclidean363

distance between the vertices of each unit cell and those of its nearest neighbor in the dataset ∳, with values approaching364

zero indicating closer agreement (Eq. (S5) in Appendix D). Edge length deviation quantifies how much each mesh edge365

deviates from its initial length 𝜚0 = 0.5 mm, which preferably undergoes minimal variation throughout deformation.366

A high dissimilarity marks a unit cell whose required target configuration lies far from every entry of the dataset,367

i.e., an out-of-distribution (OOD) configuration, for which the design method may yield low accuracy. A large edge368

length deviation marks a unit cell required to stretch or shorten its edges significantly, which is beyond the capability of369

the sti! frame members. This problem arises where the prescribed handle positions cannot be met by an admissible370
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deformation, i.e., when the targets are infeasible. These two quantities also serve as a posteriori admissibility checks371

on the macroscale solution. Because the consistency and target terms in Eq. (2) are soft penalties, ConLME does not372

guarantee feasible edge-length variation or configurations within the dataset, and cells with a high dissimilarity or a373

large edge-length deviation can indicate where the solution should not be trusted. With these metrics, the following374

discussion analyzes three origins of design error defined above—error from the microscale design method, error due to375

target infeasibility, and error resulting from the assembly e!ect—based on our design case studies.376

The microscale design method has an intrinsic error even for configurations covered by the dataset, and this error377

grows when the macroscale solution requires configurations that lie far from any entry in ∳. For example, the unit cell378

configurations around the handle vertex at the tip of the lower-right arm of the octopus structure exhibit the highest379

dissimilarity (Fig. 5a) and the largest edge length deviation (Fig. 5b) of the structure. These configurations represent380

OOD targets and substantially increase the di"culty of local inverse design, and the resulting infills may produce381

deformation responses that deviate significantly from the target. The arm that contains these cells is also the one with382

the largest deviation from its target (Fig. 4a).383

The second error origin is the feasibility of the targets. When the prescribed handle vertex positions cannot be met384

with unit cell configurations close to the dataset, the optimization, whose constraints are soft, produces a compromised385

solution in which some unit cells are forced into excessive deformation. This feasibility challenge is further compounded386

as the number of handle vertices increases, since their prescribed positions impose mutual constraints on one another,387

making it increasingly di"cult to identify a globally consistent target configuration. This is evident in the airfoil388

shape-matching task of Fig. 4c. Near the leading edge and near the thin trailing edge, the unit cells around the handle389

vertices are forced into excessive deformation, with the highest dissimilarity and edge length deviation of the structure390

(Figs. 5c and 5d), indicating that the targets there are not reached with configurations covered by the dataset. Because391

the two metrics are related, they do not fully separate the possible causes, namely a target that is physically unreachable,392

a region of the configuration space that the dataset does not cover, or a macroscale solution that is not the best one393

available. This error can be mitigated by relaxing the target constraints on the handle vertices. For example, instead of394

prescribing exact target positions, we can require the handle vertices to lie on the target curve to allow greater flexibility395

in the global optimization.396

Once the unit cell designs are accurate enough, the assembly e!ect dominates the macroscale error. This is the case397

in the sinusoidal beam benchmark (Section 3.2). The smaller microscale error of AS-based SAM does not translate into a398

smaller macroscale error (Figs. 3k, 3l, 3n, and 3o), especially at the largest deformation amplitude, where the macroscale399

error of AS-based SAM is higher than that of cDM-based SAM (Figs. 3l and 3o). The assembly e!ect originates from400

the hinges. The framework treats the sti! members as a linkage of rigid bars connected by ideal hinges, which transmit401

no moment, so that neighboring unit cells do not interact. The compliant hinges used in practice have a finite rotational402

sti!ness and transmit moments between neighboring unit cells. The dataset is generated from isolated unit cells and403

does not contain this interaction. In the assembled structure, neighboring cells share their frame members and hinges,404

and each cell deforms more than its isolated counterpart (Appendix L). The sti!–soft discretization thus reduces, but405

does not eliminate, the interaction between unit cells. The microscale error does not capture the assembly e!ect since it406

is evaluated on isolated unit cells. The two microscale design methods, AS and cDM, di!er in how their microscale407

errors combine with the assembly e!ect. The unit cells retrieved by AS more closely match the required deformation408

for isolated cells, but this leads to excess deformation in the assembled structure due to additional deformation caused409

by interaction between cells. In contrast, the unit cells generated by the cDM may struggle to reproduce extremely410

large deformations because such deformation regimes are sparsely represented in the training data (Appendix L).411

Consequently, at the largest deformation amplitude, the cDM-based design attains a lower macroscale error, although412

its unit cells are less accurate at the microscale. This may happen because the deformation due to cell interactions and413

the e!ect of insu"cient deformation at the single-cell level are coincidentally compensated. The di!erence between the414

two methods at the macroscale thus reflects how their microscale errors combine with the assembly e!ect.415

3.5. Compactness416

Another property of the SAM framework concerns the area occupied by the structure. For an idealized mechanism417

of rigid bars and densely arranged cells, the area of the region spanned by the corner vertices of the unit cells can418

only decrease upon deformation, regardless of the specific deformation mode, as proved in Appendix K. Because the419

structures considered in this work are two-dimensional, volume here refers to this in-plane area. The result bounds the420

area of this idealized region; it does not bound the outer envelope of the finite structure, whose boundary hinges may421

bulge outward, nor the space swept during actuation.422
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Fig. 5: Analysis of design error sources. Dissimilarity score is measured at the unit-cell level as the mean Euclidean distance
between the vertices of a cell and those of its closest counterpart in the dataset after coordinate alignment (Eq. (S5)).
Edge length deviation denotes the departure of each mesh edge length from its initial value 𝜚

0
= 0.5 mm. Both quantities

are computed from the deformed mesh solved by ConLME. a and b, Dissimilarity score and edge length deviation of the
octopus case shown in Fig. 4a. The zoom-in views highlight the out-of-distribution (OOD) design at the handle vertex of
the lower-right arm. c and d, Dissimilarity score and edge length deviation of the airfoil shape-matching case shown in
Fig. 4c. The zoom-in views highlight the excessively deformed cells (c) and edges (d) near the leading and trailing edges, at
handle vertices whose prescribed positions the neighboring cells cannot follow.
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To numerically verify this property, we examine the distribution of local volume changes across the structure423

following the macroscale solution for three deformation amplitudes (Figs. 6a–c). The maximum local volume change424

increases with deformation amplitude. We further evaluate the total volume change of the region− defined in Appendix K,425

i.e., the union of the quadrilaterals spanned by the four corner vertices of each unit cell. Measuring − excludes the426

boundary e!ect neglected in the proof: the hinge vertices on the outer boundary may bulge outward, whereas inside427

the domain such bulges cancel between neighboring cells. Since the distances between adjacent vertices generally428

decrease upon deformation, the area of − decreases in all cases, as predicted. For the smallest deformation amplitude,429

the reduction is small and decreases from 2.6% to 1.2% as the resolution increases from 80 to 1328 cells (Fig. 6d); at430

larger amplitudes it becomes more pronounced but remains below 7% (Figs. 6e–f). The coarsest design (20 cells) shows431

larger reductions, of up to 8.9%. When the outer boundary is included, the total area deviates from that of − by 6–7%432

for 20 cells and by less than 1% for 1328 cells, confirming that the boundary e!ect vanishes with increasing resolution.433

Collectively, these results show that, in this benchmark, the area of − changes by less than 7% for designs with at least434

80 unit cells.435

Fig. 6: Volume change analysis of structures designed using the SAM framework. a–c, Spatial distribution of the area
change of the unit cells in cDM-based SAM designs for deformation amplitudes of 0.5 (a), 1.0 (b), and 1.5 (c) times
the beam width. In each panel, the resolution increases from top to bottom (20, 500, and 1328 unit cells). Each cell is
measured by the quadrilateral spanned by its four corner vertices, and all maps share the color scale on the left. d–f, Total
volume change, reported as the area reduction of the region − (Appendix K), as a function of the number of unit cells for
deformation amplitudes of 0.5 (d), 1.0 (e), and 1.5 (f). The labels Top, Mid, and Bottom mark the resolutions shown in
the top, middle, and bottom rows of a–c.

4. Discussion436

Scalable design frameworks are essential for shape-morphing metamaterials as deformation tasks grow in geometric437

complexity and structural resolution. Conventional approaches based on global optimization rely heavily on physics-438

based simulations and iterative updates, rendering them computationally impractical at high resolutions. Data-driven439

inverse design methods, while capable of accelerating individual design queries, are often tailored to specific problem440

configurations and thus lack the generality required for broad deployment. In contrast, the SAM framework exploits the441

complementary mechanical properties of soft and sti! materials to approximately decouple macroscale and microscale442

displacements, yielding a framework that is simultaneously general, e"cient, and scalable.443
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The unit-cell-based discretization in SAM o!ers three key advantages over bar-based alternatives. First, the444

interactions among the members of a unit cell, which a bar-based model neglects, are captured through finite element445

simulations of complete unit cells during dataset generation. Second, each unit cell encodes a unique directional446

deformation mode via geometric asymmetry, eliminating the ambiguity inherent in axially symmetric bar elements.447

Finally, the two-dimensional infill domain provides a richer design space, allowing both material parameters and448

structural topology to be tuned while accommodating functional components such as sensors and actuators.449

We construct a unit-cell-level dataset of infill geometries and their corresponding deformation responses, which450

serves dual purposes: constraining the macroscale solution and training microscale inverse design models. At the451

macroscale, the ConLME method e"ciently resolves global mechanism deformation under data-driven constraints,452

producing target configurations for subsequent microscale inverse design. At the microscale, two alternative inverse453

design methods determine the final infill geometry for each unit cell. Crucially, because the dataset is constructed at the454

unit-cell level, it remains reusable across arbitrary macroscale design domains—a key distinction from problem-specific455

data-driven approaches that require retraining for each new configuration.456

The SAM framework is validated through geometrically nonlinear finite element simulations across a range of457

representative examples, demonstrating its generality in handling diverse deformation tasks. When combined with458

the conditional di!usion model, the computational cost scales approximately linearly with the number of unit cells,459

confirming the scalability of the framework. Furthermore, unlike kirigami-based designs that typically involve substantial460

volume changes during actuation, the area spanned by the unit cells of a SAM structure does not increase upon461

deformation, a property that may be of interest for space-constrained applications, although the occupied envelope and462

the swept space during actuation are not bounded by this result.463

While thermally activated materials are adopted here as a representative example, the SAM framework is not464

inherently tied to a specific actuation mechanism and can be readily extended to other material systems—such as465

magnetoactive or electroactive materials—provided that a corresponding unit cell dataset is available. Furthermore,466

while this work employs a compact parameterized representation for unit cell infill geometries, the framework is467

compatible with more general free-form geometric representations. Such a substitution would not alter the overall468

framework architecture, but would impose greater demands on the capacity and generalization ability of the microscale469

inverse design model.470

While the SAM framework has demonstrated its potential as a scalable and general approach to active metamaterial471

design, it remains in an early stage of development, and several limitations warrant further investigation. First, the472

decoupling of the two scales is approximate. The dataset describes isolated unit cells, whereas the compliant hinges473

of an assembled structure transmit moments between neighboring unit cells, so that a unit cell deforms di!erently474

inside the assembled structure than in isolation (Section 3.4). Generating the dataset from unit cells embedded in475

a representative neighborhood is a possible remedy. In addition, the verification model does not include contact476

between the infill members, and its sensitivity to the finite element mesh has not been studied. Second, since the477

macroscale formulation is adapted from Laplacian mesh editing, it inherits a tendency to produce local distortions478

under extremely large deformations. A potential remedy is to replace the Laplacian mesh editing initialization with the479

large-deformation-oriented as-rigid-as-possible (ARAP) method [27], at the cost of increased computational time. Third,480

the placement of handle vertices and their prescribed displacements significantly influences the design outcome, and481

inappropriate configurations may lead to violations of mesh topology; in particular, targets that require the structure to482

elongate cannot be reached (Section 3.3), and the accuracy of slender structures is sensitive to where they are supported.483

Furthermore, the soft constraint weights 𝜛𝜚, 𝜛𝜑 , and 𝜛𝜗 are currently tuned manually through the iterative procedure484

described in Appendix D. Developing a fully automated weight selection strategy remains an open problem. Fourth, the485

use of a regular mesh at the macroscale limits the smoothness of the structural boundary, which could be addressed by486

adopting a more flexible domain discretization, such as a non-uniform triangular mesh. Finally, the coverage of the unit487

cell dataset constrains the achievable range of local deformations; this limitation could be mitigated by incorporating488

materials or structures capable of producing larger deformations into the dataset, thereby expanding the accessible489

design space. Addressing these limitations in future work will further extend the applicability of the SAM framework490

toward fully autonomous, high-fidelity design of active metamaterial systems.491

5. Conclusions492

This work presents the scalable active metamaterial (SAM) framework for designing aperiodic shape-morphing493

active metamaterials. A hybrid sti!–soft unit cell discretization approximately decouples the design problem into two494
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scales that can be solved without simulating the assembled structure. The macroscale subproblem is solved by constrained495

Laplacian mesh editing (ConLME) with soft data-driven feasibility constraints. In the microscale subproblem, the infill496

geometry of each unit cell is inversely designed using either a conditional di!usion model (cDM) or an adjustable497

search (AS) strategy. Both subproblems rely on a unit-cell-level dataset that is reusable across di!erent design problems.498

With the cDM, the design cost of SAM grows linearly with the number of unit cells. The framework applies to499

arbitrary initial geometries. The same dataset and trained model were used to design an octopus with independently500

driven arms, morphing airfoils, tweezers, and a checkerboard beam. We employed geometrically nonlinear finite501

element simulations of the assembled structures to validate the final solution. Results show that the mean relative502

errors measuring the deviation of the actual deformed shapes from the targets are between 3% and 29%. The error503

stems from the accuracy of the unit cell designs, the infeasibility of the target, and the residual interaction between504

neighboring unit cells, which the sti!–soft discretization reduces but does not eliminate. In addition, for an idealized505

rigid-bar mechanism, the area spanned by the corner vertices of the unit cells can only decrease upon deformation, a506

property of interest for space-constrained applications. Together, these results show that SAM provides a scalable route507

to the design of highly complex shape-morphing active metamaterials. While we demonstrated this framework under a508

specific infill representation and actuation mechanism setting, the idea of decoupling the design problem into two scales509

and the general design methodology at each scale can extend beyond the current form.510
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also available at: https://huggingface.co/digitlab/SAM-Diffusion.514
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Appendix A. Unit cell design and geometric parameters519

The geometric configuration of the unit cell is illustrated in Fig. S1a. The unit cell is defined over a rectangular520

domain − = [0,𝐴 ] ∂ [0,𝐵]. For simplicity, we consider the square case with 𝐴 = 𝐵 . The unit cell consists of521

two components: a closed-loop rigid linkage (CRL), shown in black, and an internal soft infill composed of stacked522

arc-shaped beams [66, 65].523

Fig. S1: Unit-cell geometry and deformation configuration. a, Geometric parameterization of the CRL and its infill structure.
b, The resulting deformed configuration.

A.1. Geometric parameterization of the CRL524

As shown in Fig. S1a, the CRL is formed by sti! material. Each side of the CRL has a length 𝜚 and consists of two525

rigid bars, each of length 𝜚0 = 𝜚ϖ2 and width 𝜚⊳ . Adjacent bars are connected by a neck-shaped short link of length526

𝜚7, whose narrowest section has a width 𝐴≨ and a length 𝜚≨. This geometry localizes bending at the connection and527

guides deformation to occur in the hinge region. The values or ranges of all parameters are shown in Table S1.528

A.2. Geometric parameterization of the soft infill structure529

The internal infill consists of eight stacked circular arc beams arranged around the eight hinge centers, with each530

beam characterized by distinct geometric parameters. Each stacking arc beam 𝜕 is composed of two layers of materials531

with di!erent coe"cients of thermal expansion; the thicknesses of the outer and inner layers are denoted by 𝐶𝜕
1

and 𝐶𝜕
2
,532

respectively. The inner radius of the inner layer is denoted by 𝐷𝜕, so that the layer interface and the outer surface of the533

beam lie at radii 𝐷𝜕 + 𝐶𝜕
2

and 𝐷𝜕 + 𝐶𝜕
2
+ 𝐶𝜕

1
, respectively. The two layers are made of an active material A with a large534

coe"cient of thermal expansion and a passive material B with a negligible one (Appendix B). To allow each beam to535

bend either inward or outward, an additional binary parameter 𝐸𝜕 is introduced to indicate the stacking order, where536

𝐸𝜕 = 1 assigns the active material A to the inner layer and the passive material B to the outer layer, and 𝐸𝜕 = 0 indicates537

the opposite arrangement. Consequently, each stacked arc beam is parameterized by four variables, resulting in a total538

of 32 geometric parameters for a single unit cell, i.e., 𝝑 = [𝐷0, 𝐶0
1
, 𝐶0

2
, 𝐸0,… , 𝐷7, 𝐶7

1
, 𝐶7

2
, 𝐸7]. The range of parameters is539

shown in Table S1.540

Fig. S1b illustrates the deformation configuration of the ideal CRL, in which the bars are connected by perfect541

hinges. Since all CRL bars have equal length, the deformation configuration can be fully characterized by the variations542

of the eight internal angles 𝝕 = [𝐹0,… , 𝐹7].543
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Table S1
Geometric parameters of a unit cell.

Parameter Value (mm) Description

𝜚 1.00 Length of the infill region (𝜚 = 2𝜚
0
)

𝜚
0

0.50 Length of a rigid bar
𝜚⊳ 0.03 Width of the CRL bar
𝜚7 0.06 Length of the neck-shaped link
𝐴≨ 0.002 Width of the narrowest section of the neck-shaped link
𝜚≨ 0.02 Length of the narrowest section of the neck-shaped link
𝐵 1.06 Total height of the unit cell
𝐴 1.06 Total width of the unit cell
𝐷𝜕 [0.06, 0.08] Inner radius of the inner layer
𝐶𝜕
1

[10ϑ3, 0.08] Thickness of the outer layer
𝐶𝜕
2

[10ϑ3, 0.08] Thickness of the inner layer
𝐸𝜕 {0,1} Stacking order

Appendix B. FEM setup and materials properties544

In this work, thermal activation is used to drive material deformation. With a thermal strain of 30% in the active545

material and rotations of the unit-cell members of several tens of degrees, the deformations are not small, so the response546

is modeled with geometrically nonlinear, finite-strain thermoelasticity. The deformation gradient ℶ = 𝛁 + +ℷ is split547

multiplicatively into an elastic and a thermal part,548

ℶ = ℶ 𝐺ℶ 𝐹 , ℶ 𝐹 = (1 + .ϱ2 ) 𝛁, (S1)

where . is the coe"cient of thermal expansion (CTE), ϱ2 is the temperature change, and 𝛁 is the second-order identity549

tensor. The elastic part is governed by a compressible neo-Hookean strain energy per unit volume of the thermally550

expanded configuration,551

𝐻(ℶ 𝐺) =
𝐼
2

}
tr ℸ𝐺 ϑ 3 ϑ 2 ln 𝐽𝐺

⦃
+

𝐾
2

}
ln 𝐽𝐺

⦃2 , ℸ𝐺 = ℶ 
𝐺ℶ 𝐺, 𝐽𝐺 = det ℶ 𝐺, (S2)

with the Lamé constants 𝐾 and 𝐼. The displacement field makes the total energy ⨓
−0

𝐻(ℶ 𝐺) det ℶ 𝐹 d𝐿 stationary; no552

external forces are applied.553

The CTE of the active material A is set to 0.003 ⋛
C
ϑ1, with a temperature change of ϱ2 = 100

⋛
C, yielding554

a su"ciently large deformation configuration space. The passive infill material B is assigned a negligible CTE of555

5 ∂ 10
ϑ6 ⋛

C
ϑ1, and the sti! CRL material a CTE of 10

ϑ10 ⋛
C
ϑ1, to minimize their contributions to the thermal556

deformation. The two infill materials share the same Young’s modulus 𝜍, while the CRL is assigned 1000𝜍; this557

sti!ness ratio of 1000:1 realizes the assumption in Section 2.1 that the deformation of the sti! members is negligible.558

All materials have a Poisson’s ratio of 𝑀 = 0.3. Since the loading is purely thermal and only displacement boundary559

conditions are applied, the displacement field depends on the sti!ness ratio but not on the absolute value of 𝜍, which560

is therefore normalized to 𝜍 = 1. The problem is solved in two dimensions under the plane-strain assumption, i.e.,561

the out-of-plane stretch of ℶ is one, with 𝐾 = 𝜍𝑀ϖ[(1 + 𝑀)(1 ϑ 2𝑀)] and 𝐼 = 𝜍ϖ[2(1 + 𝑀)]. Geometric modeling and562

mesh generation are performed using Gmsh [21], and the resulting mesh of linear triangular elements is imported563

into FEniCSx [2, 43, 8] for finite element analysis. The nonlinear problem is solved with Newton’s method using564

PETSc [7, 6, 5, 17], with a sparse direct solver for the linearized systems and a relative residual tolerance of 10ϑ6. The565

temperature change is applied incrementally, starting with four load steps; a step that fails to converge is halved and566

repeated, and a step that converges in at most five iterations enlarges the next one. Contact between the members of the567

infill is not modeled.568

Boundary conditions di!er between dataset generation and full-structure simulation. During dataset generation, the569

bottom-left bar of a unit cell (Appendix A) is fixed, and the response is extracted as the changes of the eight interior570

angles of the unit cell between the undeformed and the deformed configuration, measured at the mesh nodes nearest571

to the eight hinge points. In full-structure simulations of the assembled metamaterial, the fixed vertices prescribed in572

the upstream design stage are enforced as displacement boundary conditions, with all degrees of freedom of the finite573

element containing each fixed vertex constrained.574
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Appendix C. Data generation575

Infill structures, parameterized as described in Appendix A, are generated by uniformly sampling the parameter576

space, with lower and upper bounds imposed on beam thickness and radius (Table S1) to prevent interference between577

adjacent beams and ensure proper connectivity. Finite element analysis (FEA; Appendix B) is then performed on each578

sampled design to obtain the corresponding deformation response. Of the 60,000 sampled designs, one did not converge579

in the nonlinear analysis and was discarded, yielding a dataset ∳ of 59,999 samples. The response of each design is580

stored as the changes of the eight interior angles of the unit cell between the undeformed and the deformed configuration.581

No design leaves the unit cell undeformed: the smallest RMS angle change in the dataset is 1.7⋛. The dataset serves two582

purposes within the SAM framework. First, it provides the data-driven soft constraints in the macroscale subproblem583

(Eq. (2)), ensuring that the resulting unit cell configurations remain feasible for microscale inverse design. Second, it584

directly supports the microscale subproblem, either as training data for the conditional di!usion model or as a retrieval585

dataset for the AS-based approach.586

Appendix D. Weight selection and iterative convergence of ConLME587

Adjusting the weights of the three energy terms shifts the emphasis of the optimization. In practice, 𝜛𝜗 is set588

to a relatively large value to ensure that the handle vertices achieve their prescribed displacements, 𝜛𝜑 is increased589

progressively from a small initial value until the configuration dissimilarity reaches an acceptable level, and 𝜛𝜚 is set590

empirically. Therefore, the analysis mainly focuses on the relative magnitude of the first two terms. By controlling their591

ratio 𝐷 = 𝜛𝜑ϖ𝜛𝜚, we evaluate its influence using two diagnostic metrics. Configuration dissimilarity measures the592

deviation of each unit cell from its nearest neighbor in ∳, indicating whether the configuration is out-of-distribution593

and thus whether it can be reliably handled by the subsequent microscale inverse design. Area change quantifies the594

magnitude of local deformation within each unit cell, serving as an indicator of realization di"culty (i.e., a large area595

change may indicate that the deformation is physically unrealizable). The two metrics are defined below. The area596

change is597

ϱ6 = 6±
ϑ 60, (S3)

where 60
= 𝜚2

= 1mm
2 is the initial area of each unit cell. The area of the deformed configuration is computed using598

the shoelace formula [11]:599

6±
=

1

2

⦆⦆⦆⦆⦆⦆

8⌉
𝜕=1

}
𝑁𝜕𝑂𝜕+1 ϑ 𝑁𝜕+1𝑂𝜕

⦃⦆⦆⦆⦆⦆⦆
, (S4)

where (𝑁𝜕, 𝑂𝜕) = 𝜺𝜕 ε ∱unit are the vertex coordinates of the unit cell, with the convention 𝜺9 = 𝜺1. The configuration600

dissimilarity is computed as601

ϱ𝜑 =
1

8

8⌉
ℶ=1

{{{𝜺ℶ ϑ ⊲𝜺ℶ
{{{ , (S5)

where 𝜺ℶ denotes the coordinate of the ℶth vertex in the deformed configuration, and ⊲𝜺ℶ denotes the coordinate of the602

ℶth vertex in the most similar configuration from the dataset after the optimal rigid alignment of Eq. (6).603

We use the sinusoidal beam benchmark (Section 3.1) to illustrate how the two metrics vary with the weight ratio604

𝐷, varied through 𝜛𝜑 with 𝜛𝜚 = 𝜛𝜗 = 1 (Figs. S2a and c). When 𝐷 is small, the configuration consistency energy is605

too weak to hold the unit cells near feasible configurations, and the Laplacian energy, which pulls every vertex toward606

the centroid of its neighbors, contracts the mesh: at 𝐷 = 0.03, the area change spreads down to about ϑ50% and the607

dissimilarity score reaches about 0.15, with the most distorted cells concentrated along the boundary (Fig. S2e). As608

𝐷 increases, the consistency energy pulls each unit cell toward its nearest configuration in ∳, contracting the tails of609

both the area change and the dissimilarity distributions. For 𝐷 ⨎ 1, both distributions remain essentially unchanged,610

indicating that the macroscale solution is insensitive to the precise value of 𝜛𝜑 once the consistency constraint is611

su"ciently strong.612

As the deformed configuration evolves during optimization, the nearest-neighbor configuration retrieved from the613

dataset, and hence the term 𝝇∳ in Eq. (14), is updated accordingly, making the optimization problem itself iteration-614

dependent. Multiple iterations of the alternating scheme above are therefore required until the weighted energy converges.615
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Fig. S2: E"ect of weight ratio 𝐷 and iteration count on ConLME performance, illustrated using the sinusoidal beam
benchmark. a, b, Distributions of area change under varying weight ratios 𝐷 (a) and iteration counts (b). c, d, Distributions
of configuration dissimilarity under varying weight ratios 𝐷 (c) and iteration counts (d). e, f, Evolution of the area change
distribution and configuration dissimilarity score distribution with increasing 𝐷 (e) and iteration count (f).

The influence of the iteration count is analyzed in Figs. S2b and d. The distributions of area change and configuration616

dissimilarity as a function of iteration count are shown in Fig. S2f. Before the first iteration, no consistency constraint617

is active, and the solution reduces to pure Laplacian mesh editing. The retrieved nearest-neighbor configurations are618

therefore unreliable, as the current unit cell configurations have not yet been guided toward the feasible region of ∳.619

As iterations proceed, the unit cell configurations progressively approach entries in ∳, improving the quality of the620

retrieved nearest neighbors and allowing the consistency constraint to become increasingly e!ective. This, in turn,621

contracts the tails of the area distribution and reduces dissimilarity scores.622

Appendix E. Conditional di!usion model architecture, training, and performance623

E.1. Model architecture624

The di!usion process uses 2 = 1000 timesteps with a cosine noise schedule, and designs are generated by full625

ancestral sampling over all 2 steps. The noisy input is first projected by a 7∂ 1 stem convolution. The di!usion timestep626

is encoded via a sinusoidal embedding [53] followed by a two-layer MLP with GELU activation, which modulates627

all ResNet [24] blocks through scale-shift conditioning. The encoder comprises four stages with channel progression628

1  21  41  81 [41], each applying cross-attention with 𝝕, two time-conditioned ResNet blocks, linear attention,629

and downsampling. The bottleneck consists of cross-attention, a ResNet block, full self-attention with a single head,630

and a second ResNet block. The decoder mirrors the encoder with skip connections. The decoder output is fused with631

the stem residual, passed through a final ResNet block, and projected by a 1 ∂ 1 convolution to produce the di!usion632

target. The hyperparameters are listed in Table S2.633

E.2. Training634

The dataset of 59,999 samples is split into training and test sets at an 8:2 ratio. The Adam optimizer is used with635

a learning rate of 5 ∂ 10
ϑ5. Automatic mixed precision (AMP, fp16), gradient clipping (maximum norm = 1.0), and636

exponential moving average (EMA, decay = 0.995) are employed to stabilize optimization. The model is trained for637

10,000 training steps with a batch size of 128 and two gradient accumulation steps (approximately 53 passes over638
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the training set), and the full training process completes in less than one hour. The model is trained using Python639

3.11.14 and PyTorch 2.8.0 [39] with CUDA and cuDNN support. Hardware and resource allocations are summarized in640

Appendix G.641

Table S2
Hyperparameters of the conditional di"usion model.

Hyperparameter Value

ResNet blocks per downsampling stage 2
ResNet blocks per upsampling stage 2
Residual block normalization RMS Normalization
Activation function SiLU (GELU in the time-embedding MLP)
Time embedding Sinusoidal positional embedding + 2-layer

MLP
Condition injection Normalized 𝝕 ε ℝ1∂8 used directly as cross-

attention context (no separate encoder)
Attention head dimension 32
Number of attention heads 4 (1 in the bottleneck self-attention)
Sequence resolutions 8  4  2  1

Feature dimension 1  21  41  81
Initial feature dimension 1 = 256

Di!usion timesteps 2 = 1000

Noise schedule Cosine
Prediction target Noise 𝝋
Sampling Ancestral sampling over all 2 steps

E.3. Evaluation on the test set642

To evaluate the cDM, we randomly selected 𝑃 = 1,000 samples from the test set. For each sample, the target643

response configuration 𝝕 and randomly sampled initial noise were fed into the model to generate candidate infill designs.644

The generated parameters were clipped to the predefined feasible design ranges to ensure geometric validity, and FEA645

(Appendix B) was performed on the resulting structures to obtain their deformation responses; all 1,000 simulations646

converged. The accuracy is measured by the coe"cient of determination between the target angle changes and the647

simulated angle changes, pooled over the eight angles of all samples:648

⋆2

test
= 1 ϑ

⟩𝑃
𝜕=1

⟩8

ℶ=1(ϱ𝐹
ω

𝜕ℶ ϑ ϱ𝐹𝜕ℶ)2
⟩𝑃

𝜕=1
⟩8

ℶ=1(ϱ𝐹
ω

𝜕ℶ ϑ ϱ ,𝐹ωℶ )2
, (S6)

where ϱ𝐹ω𝜕ℶ is the target change of the ℶ-th angle of the 𝜕-th sample, ϱ𝐹𝜕ℶ is the corresponding simulated change, and649

ϱ ,𝐹ωℶ =
1

𝑃
⟩𝑃

𝜕=1 ϱ𝐹
ω

𝜕ℶ is the mean target change of the ℶ-th angle. Because the test samples span the whole dataset, the650

target angle changes vary widely, and the coe"cient of determination is a meaningful measure of how much of this651

variation the model reproduces. The cDM achieves ⋆2

test
= 0.91 on the test set, corresponding to RMSmicro = 3.41⋛652

(Eq. (S7)). Fig. S3 visualizes 64 randomly selected samples, showing that the majority of generated designs closely653

match their target configurations, with only a small number exhibiting noticeable deviations. Overall, the model achieves654

su"cient accuracy for the microscale inverse design stage.655
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Fig. S3: Comparison of the target deformation configurations sampled from the test set and the simulated configurations
of generated unit cells. The blue dashed line presents the target configurations, while the filled green shapes present the
simulated configurations.

Appendix F. Metrics of performance evaluation656

We use di!erent metrics to evaluate the performance of the proposed framework at two scales. At the microscale,657

the root-mean-square (RMS) error of the angle changes, taken over the eight angles of all unit cells, is used to evaluate658

the batch of designs by659

RMSmicro =

[]]]⟦ 1

8𝑃

𝑃⌉
𝜕=1

8⌉
ℶ=1

(ϱ𝐹ω𝜕ℶ ϑ ϱ𝐹𝜕ℶ)2, (S7)

where 𝑃 is the number of unit cells, ϱ𝐹ω𝜕ℶ is the target angle change at the ℶ-th angle of the 𝜕-th unit cell, according to the660

local configurations solved in the macroscale subproblem, and ϱ𝐹𝜕ℶ is the corresponding actual angle change achieved661

by the solutions of the microscale subproblem, obtained from FEA of the designed unit cell. Unlike a coe"cient of662

determination, RMSmicro does not depend on the spread of the target angle changes, so designs with small and large663

local deformations are measured on the same absolute scale. RMSmicro measures how closely the designed unit cells,664

simulated in isolation, reproduce the configurations required by the macroscale solution. A large RMSmicro may indicate665

that the macroscale solution contains out-of-distribution configurations, e.g., too large a deformation or an unrealistic666
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cell configuration. A small RMSmicro, however, does not by itself imply a small macroscale error (Section 3.4), which667

is why the two scales are evaluated separately.668

At the macroscale, the mean absolute error (MAE) between the target displacement ⊳target and the actual669

displacement ⊳actual (obtained from finite element analysis) at the handle vertices is used to evaluate the global670

design performance:671

MAE =
1

𝜔≨

𝜔≨⌉
𝜕=1

{{{⊳
target

𝜕 ϑ ⊳actual

𝜕
{{{ , (S8)

where 𝜔≨ is the number of handle vertices.672

To more directly reflect the relative magnitude of the error, we take the maximum target displacement in each673

example as the characteristic length, 𝜚c, and define the mean relative error (MRE) as674

MRE =
MAE

𝜚c

. (S9)

As a supplementary metric, the ⋆2 score between the target positions and the actual positions of the handle vertices is675

also used to assess design performance. The ⋆2 score is computed independently for the two coordinate dimensions676

and then averaged to obtain the final metric:677

⋆2

macro
=

1

2

2⌉
ℶ=1

⟧
⌊
⌊⌋
1 ϑ

⟩𝜔≨
𝜕=1(𝜀

actual

𝜕ℶ ϑ 𝜀target𝜕ℶ )
2

⟩𝜔≨
𝜕=1(𝜀

target

𝜕ℶ ϑ ,𝜀targetℶ )2

⌈
⌉
⌉{
, (S10)

where 𝜀target𝜕ℶ is the target position for the ℶ-th coordinate of handle vertex 𝜕, 𝜀actual𝜕ℶ is the corresponding actual handle678

vertex position obtained from finite element analysis, and ,𝜀targetℶ is the mean of 𝜀target𝜕ℶ over all handle vertices.679

Appendix G. Computational setup680

The di!usion model was trained on a Dell Precision 7960 Tower Workstation using a single NVIDIA RTX A4000681

GPU (16 GB VRAM), four Intel Xeon w5-3423 CPU cores, and 32 GB of RAM. The sinusoidal beam benchmark682

(Section 3.1), including the wall-clock times reported in Figs. 3j and m and the full-structure FEA, was run on the same683

workstation using a single RTX A4000 GPU and the 12-core Intel Xeon w5-3423 CPU, with one design configuration684

computed at a time. All other SAM design computations and full-structure FEA were performed on a separate system685

using a single NVIDIA A100 GPU, four Intel Xeon 6248R CPU cores, and 128 GB of RAM.686

Appendix H. Time complexity analysis687

To compare the computational e"ciency of the SAM framework with FEM-based optimization methods, we conduct688

a time-complexity analysis for the design of a two-dimensional metamaterial comprising an 𝜔 ∂𝜔 array of unit cells,689

i.e., 𝜔⊳ = 𝜔2 unit cells in total. Topology optimization (TO) is selected as the representative baseline, as it is generally690

more computationally e"cient than alternative optimization approaches such as genetic algorithms.691

For TO, the number of iterations required for convergence is problem-dependent; we denote this as 0. The692

computational domain is discretized using quadrilateral finite elements, with each unit cell meshed using an ℏ ∂ ℏ693

finite element grid.694

For the weakly coupled thermomechanical problem considered here, the dominant computational cost at each695

iteration arises from solving the finite element system. Employing a banded direct solver based on Gaussian elimination,696

the complexity of each solve scales as >(ℵ𝜛2
) [19], where ℵ denotes the number of degrees of freedom and 𝜛 is697

the bandwidth of the global sti!ness matrix. For the uniform grid considered here, with (ℏ𝜔 + 1)
2 nodes and two698

displacement degrees of freedom per node, ℵ = 2(ℏ𝜔 + 1)
2, and the bandwidth under row-wise node numbering is699

𝜛 ∓ 2(ℏ𝜔 + 1).700

The overall computational complexity of TO over 0 iterations, therefore, scales as701

>
}
0 ℵ𝜛2

⦃
= >

}
80(ℏ𝜔 + 1)

4
⦃
∓ >(0ℏ4𝜔4

) = >(0ℏ4𝜔2

⊳ ), (S11)
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which grows quadratically with the total number of unit cells 𝜔⊳ .702

The banded direct solver is one representative choice and is not a lower bound on the cost of TO. With a sparse703

direct solver based on nested dissection, a two-dimensional solve costs >(ℵ1.5), giving >(0ℏ3𝜔1.5
⊳ ); with an optimal704

iterative solver such as multigrid, a solve costs >(ℵ), giving >(0ℏ2𝜔⊳). In the latter case TO also scales linearly with705

𝜔⊳ , and it di!ers from SAM by the factor 0ℏ2 associated with the repeated finite element analyses of the assembled706

structure.707

For the SAM framework, no finite element simulation is required, and the computational complexity decomposes708

into two stages. In the macroscale solving stage, the time complexity of Laplacian mesh editing scales linearly with the709

number of vertices [45], i.e.,710

>(𝜔2
) = >(𝜔⊳), (S12)

since the number of vertices in the mesh is proportional to 𝜔2. Two further costs belong to this stage. First, each711

ConLME iteration retrieves the nearest configuration of every unit cell by exhaustive search over the dataset, which712

costs >(𝜔⊳⌋∳⌋); since the dataset size ⌋∳⌋ is fixed, this is linear in 𝜔⊳ . Second, the number of ConLME iterations is713

capped at a prescribed maximum that does not depend on the resolution, so it enters as a constant factor. The linear cost714

of the sparse solve is not guaranteed in general (a sparse direct factorization of a two-dimensional mesh costs >(𝜔1.5
⊳ ));715

for the resolutions considered here, up to 1328 unit cells, the measured time of the macroscale stage grows linearly716

(Fig. 3j).717

In the microscale design stage, the cDM-based approach is taken as a representative example, generating one infill718

design for each of the 𝜔⊳ unit cells. Assuming each batch accommodates at most 𝑄 samples and that generating a single719

sample incurs a complexity of >(2 𝑄model), where 2 denotes the number of di!usion steps and 𝑄model represents the720

cost of a single U-Net forward pass, the overall complexity of the microscale design stage is given by721

>
}⦃

𝜔⊳
𝑄

⦄
2 𝑄model

⟨
. (S13)

Under fixed batch size and di!usion settings, the overall time complexity combining both stages is722

>(𝜔2
) + >

}⦃
𝜔⊳
𝑄

⦄
2 𝑄model

⟨
∓ >(𝜔⊳). (S14)

This approximation holds because the number of di!usion steps 2 and the U-Net cost 𝑄model are fixed constants723

independent of the structural resolution. The design time of the cDM-based SAM therefore scales linearly with the total724

number of unit cells, >(𝜔⊳), compared with >(0ℏ4𝜔2

⊳ ), >(0ℏ3𝜔1.5
⊳ ), or >(0ℏ2𝜔⊳) for TO, depending on the solver.725

The linear scaling of SAM is supported by the measured runtimes in the tested range rather than by an asymptotic726

guarantee. The analysis covers the online design cost only: the dataset of 60,000 nonlinear unit cell simulations (about727

0.6 s each, including meshing) and the training of the di!usion model (less than one hour) are one-time o#ine costs,728

which are reused across design domains and are not included.729

Appendix I. Comparison of domain discretization methods730

The decomposition strategy adopted in this work treats a closed-loop linkage composed of multiple bars as the731

minimal design unit. Compared with the conventional approach that discretizes the design domain into bar-based732

structures connected by ideal hinges [54, 60], we demonstrate, using a simple example, why SAM uses unit-level733

discretization.734

I.1. Problem setup735

Given a rectangular material domain of length 2 mm and width 1 mm as shown in Fig. S4, with its left boundary736

fixed, we design the embedded active material using either bars or unit cells as the basic design elements, such that737

the upper-right corner undergoes a downward displacement of 1 = 0.2 mm. We consider a simple solution where this738

domain is discretized into two equal squares.739

The solution of a bar-based design can be manually derived using nine bars, as shown in Fig. S5, where the gray740

outer bars are passive members, and the blue bars are active members made of the same material. Under this setup, the741

initial length of each passive bar is 𝜚𝛻 = 1mm, while the initial length of each active bar is 𝜚5 = 1.414mm. We can742
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Fig. S4: A simple shape-morphing problem.

solve this simple bar-based design problem analytically. Assuming that the passive material does not deform and that743

all active members undergo the same strain, the deformed angle 8 is given by744

8ω =
𝑅
2
+ arcsin

⦄1
2

⟨
= 1.670963. (S15)

Accordingly, the deformed length of the blue bars becomes745

𝜚ω

5 = 2𝜚𝛻 sin

}
8ω

2

⟨
= 1.4832. (S16)

The resulting strain in each active bar is therefore746

𝑆 =
𝜚ω

5 ϑ 𝜚5

𝜚5
= 0.0488. (S17)

To realize this target strain through thermal expansion, we set the coe"cient of thermal expansion of the active material747

to 4.88 ∂ 10
ϑ4 ⋛

C
ϑ1 and apply a temperature increase of 100⋛C, followed by a finite element simulation.748

For the unit-cell-based discretization, we adopt the AS-based SAM setup described in Section 2.3 for inverse design.749

I.2. Results of SAM and bar-based framework750

As shown in Fig. S5, finite element simulations indicate that the deformation error of the bar-based design reaches751

31.4% compared to the theoretically achievable configuration, whereas the error of the AS-based SAM design is 7.7%,752

which is markedly smaller. This discrepancy arises because the bar-based design neglects the interactions between753

adjacent bars and considers only axial deformation. In practice, this simplification introduces significant errors. Moreover,754

as the number of bars increases, the likelihood of failure also grows, as evidenced by the buckling observed in some of755

the structures presented in [60]. In contrast, the unit-cell-based design implicitly incorporates the interactions among756

structural elements through the dataset of unit-cell configurations. As a result, when assembled, it is able to achieve757

more accurate and stable deformation behavior.758

I.3. Deformation mode ambiguity in bar-based design frameworks759

Another fundamental limitation of bar-based design frameworks is the inherent ambiguity in their deformation760

modes. Consider the two-bar system shown in Fig. S5c, where both ends A and C are fixed, and the design intent761

is to displace the intermediate node B upward (red path). However, the same bar design is equally compatible with762

a downward displacement of B (green path), since axial deformation alone carries no directional information. As a763

result, the realized deformation mode depends on the assembly configuration rather than the design itself, introducing764

an irresolvable ambiguity. The unit-cell-based approach adopted in the SAM framework eliminates this ambiguity765

by assigning each cell a unique, directionally encoded deformation mode, ensuring that the intended deformation is766

unambiguously realized upon assembly.767
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Fig. S5: Comparison of bar-based and cell-based discretizations. a, The simulation results of bar-based element design. b,
The simulation results of unit-cell-based element design (using AS-based SAM). c, The demonstration of deformation mode
ambiguity in bar-based design frameworks.

Appendix J. More examples768

This section presents additional shape-morphing examples to further demonstrate the generality of the SAM769

framework. Nine pairs of initial and target airfoil shapes were selected from the dataset [13, 44] and designed using the770

cDM-based SAM framework, with FEA results shown in Fig. S6 and quantitative metrics summarized in Table S3. The771

mean relative error lies between 14% and 28% for the nine cases, with a mean of 22%, comparable to the airfoil examples772

of Table 1. All nine airfoils are held in the same way: at one leading-edge vertex and at the handle vertex farthest from773

it among those whose prescribed displacement is below one unit-cell length. As discussed in Section 3.3, the prescribed774

displacements are small compared with the chord, so that a support confined to the leading edge allows a small rigid775

rotation of the whole airfoil to dominate the error; the long baseline between the two fixed vertices suppresses this776

rotation. The same fixed vertices are used in the macroscale solution and in the FEA. Each case is a single design of the777

cDM-based framework.

Fig. S6: More airfoil shape matching examples. The green dots indicate the deformed positions, and the blue curves
indicate the target positions.

778

The largest errors occur in cases a, h, and i. Case i is the smallest airfoil of the set, discretized with the fewest unit779

cells, and its ⋆2

macro
is the lowest of the nine cases.780
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Table S3
Quantitative error statistics of all examples.

Case 𝜔⊳ 𝜔≨ MAE (mm) ⋆2

macro
𝜚

c
(mm) MRE

Fig. S6a 2524 31 2.2116 0.9735 7.99 27.68%
Fig. S6b 3408 36 1.6752 0.9797 7.50 22.33%
Fig. S6c 4104 36 0.9472 0.9967 5.08 18.64%
Fig. S6d 3588 38 1.1825 0.9969 6.05 19.56%
Fig. S6e 4267 31 2.4699 0.9892 13.51 18.28%
Fig. S6f 3294 33 1.4309 0.9886 7.02 20.38%
Fig. S6g 4484 42 1.3973 0.9942 9.88 14.14%
Fig. S6h 3215 38 1.2634 0.9916 4.83 26.18%
Fig. S6i 1354 23 2.6095 0.7636 9.16 28.49%

Appendix K. Proof of volume reduction781

We provide the proof of the volume reduction properties of SAM. The result concerns an idealized setting: rigid782

bars, densely arranged cells, and the region − formed by the quadrilaterals spanned by the four corner vertices of each783

unit cell. It does not cover the hinge vertices on the outer boundary, which may bulge outward, and therefore does not784

bound the outer envelope of a finite structure or the space swept during actuation. To obtain the theoretical area of the785

deformed metamaterial, we consider an ideal case with just the undetermined mechanism, as shown in Fig. S7a. Each786

bar has a length of 𝑇. So the initial area for ℵ square cells is,787

𝜑0 = 4ℵ𝑇2. (S18)

Once the mechanism deformed as shown in Fig. S7b, the shape of the unit cell will become irregular. By connecting788

the corner vertices of each cell in sequence, a set of virtual boundaries is formed, which enclose the shaded region −789

shown in Fig. S7b. Apparently, the length of an arbitrary virtual edge of one unit cell should be smaller than the length790

of a square in the original configuration, e.g., 𝑇𝜕 < 2𝑇. Since the boundaries are negligible when the number of unit cells791

increases, we could just consider the area of region −. In this case, the area of the deformed region can be computed by792

summing the areas of individual cells, each defined by the regions enclosed by their corner points. Thus, the total area793

of the arbitrary region could be calculated by,794

𝑈𝜑 =

ℵ⌉
𝜕=1

(𝜑𝜕
1
+ 𝜑𝜕

2
) =

ℵ⌉
𝜕=1

⦄
1

2
𝑇𝜕
1
𝑇𝜕
2
sin 𝐹𝜕

1
+

1

2
𝑇𝜕
3
𝑇𝜕
4
sin 𝐹𝜕

2

⟨

⨌ ℵ⌉
𝜕=1

1

2
4𝑇2

}
sin 𝐹𝜕

1
+ sin 𝐹𝜕

2

⦃

⨌ ℵ⌉
𝜕=1

4𝑇2 = 4ℵ𝑇2 = 𝜑0.

(S19)

Thus, the total area only reduces after deformation.795
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Fig. S7: Proof of compactness. a, The initial mesh. b, The deformed mesh.

Appendix L. Unit cell deformation in the assembled structure796

This appendix gives the cell-by-cell comparison that underlies the discussion of the assembly e!ect in Section 3.4.797

It considers the sinusoidal beam benchmark at the highest resolution, 𝜔⊳ = 1328 unit cells, and the largest amplitude,798

6 = 1.5, for which the macroscale error of AS-based SAM is higher than that of cDM-based SAM although its799

microscale error is lower.800

The beam deflects mainly by shearing its unit cells. The left and right edges of a cell remain nearly parallel to their801

initial direction, while its bottom and top edges rotate. We therefore measure the shear 𝑉 of a unit cell as the mean802

rotation of its bottom and top edges minus the mean rotation of its left and right edges, computed from the positions of803

its four corner vertices. This quantity is una!ected by a rigid rotation of the cell and equals the local slope that the cell804

contributes to the beam.805

For every unit cell, three values are compared. The first is the shear 𝑉ω required by the macroscale solution. The806

second is the shear 𝑉iso delivered by the designed unit cell when it is simulated in isolation, as in the dataset. The third is807

the shear 𝑉asm of the same cell in the finite element solution of the assembled structure, obtained from the displacements808

of its corner vertices. In these terms, the microscale error compares 𝑉iso with 𝑉ω, the assembly e!ect is the change from809

𝑉iso to 𝑉asm, and the macroscale error results from the di!erence between 𝑉asm and 𝑉ω accumulated over the structure.810

Fig. S8 shows the result. In isolation, the unit cells retrieved by AS deliver the required shear, with a median of811

𝑉isoϖ𝑉ω of 1.00 (Figs. S8a and S8c). Those generated by the cDM deliver less, with a median of 0.82 and a wider812

distribution (Figs. S8b and S8d).813

This underestimation is not specific to the beam. On the test set of Appendix E, the designs generated by the cDM814

deliver on average 0.87 of the required shear. The underestimation is consistent with the distribution of the training815

data, which is sparse at extremely large deformations. The shear of the unit cells in the dataset exceeds 20⋛ in only816

0.03% of the samples. The shear required at the largest amplitude reaches 23⋛, the largest value in the dataset, which is817

why the underestimation is most pronounced there.818

Inside the assembled structure, the unit cells of both methods shear more than in isolation. We attribute this increase819

to the sharing of the frame. In isolation, the active infill of a unit cell works against the sti!ness of its own frame820

members and hinges, whereas in the assembled structure each interior member and hinge is shared with a neighboring821

unit cell and is driven by the infills of both. For the AS-based design, the median of 𝑉asmϖ𝑉ω rises to 1.14, so that the822

unit cells exceed the required shear by about 14% (Fig. S8c). For the cDM-based design, the median rises from 0.82 to823

1.00 (Fig. S8d). The underestimation of the isolated unit cells thus largely o!sets the increase in the assembly, which is824

why the cDM-based design reaches the lower macroscale error in this configuration.825
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Fig. S8: Shear of the unit cells of the sinusoidal beam in isolation and inside the assembled structure (𝜔⊳ = 1328,
amplitude 6 = 1.5). 𝑉ω is the shear required by the macroscale solution, 𝑉

iso
the shear of the designed unit cell simulated in

isolation, and 𝑉
asm

the shear of the same cell in the assembled structure. a, b, 𝑉
iso

and 𝑉
asm

against 𝑉ω for every unit cell of
the AS-based (a) and of the cDM-based (b) design. The line marks equality. c, d, Distributions of 𝑉

iso
ϖ𝑉ω and 𝑉

asm
ϖ𝑉ω for

the AS-based (c) and the cDM-based (d) design, over the cells with ⌋𝑉ω⌋ above 30% of its largest value. Solid vertical lines
mark the medians, and the dashed line marks a ratio of one. One of the three cDM-based designs is shown.
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